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1 Derivation of the model

Consider a single lineage that exists at time ¢ with probability P(¢). In the
CTMC framework, we can think about this lineage as being in a state S;.
If the lineage undergoes a speciation event, we consider it to have transi-
tioned to a new state Sp, which consists of two lineages. E.g., any state Sy
is a cohort of k lineages, any of which can undergo a speciation event. For
our purposes, though, we will only worry about the transition from S; to
Ss.

Let’s go back to our single lineage in state S1. Allow that the lineage can
undergo speciation on some time interval At with some probability AAt.

It must then be true that, on the same time interval At, the lineage will
not undergo speciation with probability 1 — AAt.

We can then write down an equation for the new probability that the
lineage exists in its current state some amount of time At later, as

P(t+ At) = (1 — AtA)P(t) 1)

So, the probability of the lineage in its current state S; some time At later
is simply the current probability of existence P(t) multiplied by the prob-
ability that nothing happens on the focal interval. We can rearrange this
equation to:

P(t + At) = P(t) — AtAP(t) @)

and then
P(t+ At) — P(t) = —AtAP(t) 3)

Now, we can maybe see where this is going. Remember from calculus
that the definition of a derivative is:
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We want to make a differential equation for the change in probability as

a function of time, dP/dt, and we can do this by dividing both sides by At
and taking limits as At — 0:
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So this gives us
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This is a simple differential equation that can be solved to yield an equa-
tion for the probability that a lineage will not speciate after some time ¢.
Representing P(t) as P, we can make some simple rearrangements:

P
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We can solve this by integrating both sides:
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In(P) = —At+¢ (10)

where c is the constant of integration. Exponentiating both sides:

P = e—/\t-‘rc — e—)ttec (11)

Rewriting with P(t):

P(t) = e Me* (12)

To deal with the constant of integration, we note that we have the initial
condition P(0) =1, or
P(t) =1 = e%"° (13)

or
1=¢ (14)



So ¢ = 0, and the probability density of a given waiting time #;, under a
pure-birth process, is:
P(t;) = e M (15)

2 Likelihood of a phylogenetic tree

To construct the likelihood of a phylogenetic tree under the pure-birth model,
we need to compute the probability density of two components that make
up our tree:

e the waiting times between each speciation event, using the probabil-
ity model derived above

e the speciation events themselves

For a fully-resolved (nonzero branch length) phylogeny of N species, we
have a total of 2N — 2 waiting times, each of which represents the transition
between state S; and S;. We also have a total of N — 1 speciation events
represented in our tree. The density (likelihood) of the waiting times is the
product of the probability densities of each individual waiting time ¢; (e.g.,
individual branch lengths), or

Hef)\t,' — e*)\zt[ — e*)\T (16)

where T is the sum of all branch lengths in the tree. And the speciation
events have a probability that is proportional to their value, such that their
contribution to the likelihood is AN~1. Putting these together, the likelihood
of the data given the speciation rate A is

L(D) = AN“1e=M (17)

Now, we typically condition this expression on the occurrence of the basal
(root) node: if this speciation event hadn’t happened, we wouldn’t be look-
ing at a tree. So we simply divide the equation through by A, giving us:

L(D) = AN-2e7AT (18)

Finally, it is usually easier to work with the natural logarithm of the likeli-
hood, so we'll take the log of both sides:

logL(D) = (N —2)log(A) — AT (19)

And that’s it: this simple expression gives us the likelihood of a given phy-
logenetic tree under the pure-birth-model.
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3 Finding the ML speciation rate under the model

The likelihood given above is pretty simple, suggesting that we might be
able to find (analytically) the value of A that maximizes the likelihood. To
do so, we’ll take the derivative of the expression for the log-likelihood.
We'll then set the resulting equation equal to zero, which will give us all
values of A for which the slope of the likelihood is zero (e.g., a local max-
imum or minimum of the function). Recalling that d/dAlogA = 1/A, we
have:

dlogL  N-2

v A ! (20)
Setting the left side equal to zero and rearranging terms gives us:
~ N-=2
A= — (21)

where A is the value of A that maximizes the log-likelihood of the data. Take
a minute to consider how simple this expression is, and what it means. If
you think about it, this is actually quite intuitive. How do you estimate the
rate at which things happen? The simplest and most natural thing to do is
to divide the number of things that happened by the amount of time available for
those things to happen. Here, the number of things that happened is N — 2
(N — 2 speciation events), and the total time available for speciation events
to happen is the sum of branch lengths, or T. So, a bit of math has given us
exactly the answer that we should intuitively expect!
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