
Prohesperocyon wilsoni

Hesperocyon gregarius
Hesperocyon coloradensis

Mesocyon temnodon

Mesocyon coryphaeus
Cynodesmus thooides

Sunkahetanka geringensis
Philotrox condoni

Enhydrocyon pahinsintewakpa
Enhydrocyon crassidens
Enhydrocyon stenocephalus
Enhydrocyon basilatus

Osbornodon renjiei
Osbornodon sesnoni

Osbornodon iamonensis
Osbornodon brachypus

Osbornodon fricki
Paraenhydrocyon josephi
Paraenhydrocyon wallovianus

Ectopocynus antiquus
Ectopocynus intermedius

Ectopocynus simplicidens

Archaeocyon pavidus
Archaeocyon leptodus

Otarocyon macdonaldi
Otarocyon cooki

Rhizocyon oreganensis

Cynarctoides lemur
Cynarctoides luskensis

Cynarctoides gawanae
Cynarctoides accridens

Phlaocyon minor
Phlaocyon latidens
Phlaocyon annectens

Phlaocyon marshlandensis
Phlaocyon leucosteus

Cormocyon haydeni
Cormocyon copei

Desmocyon thomsoni
Desmocyon matthewi

Paracynarctus kelloggi
Paracynarctus sinclari

Cynarctus galushai
Cynarctus saxatilis

Cynarctus voorhiesi
Cynarctus crucidens

Metatomarctus canavus

Euoplocyon brachygnathus

Psalidocyon marianae

Microtomarctus conferta
Protomarctus opatus

Tomarctus hippophaga
Tomarctus brevirostris

Aelurodon asthenostylus

Aelurodon mcgrewi
Aelurodon stirtoni

Aelurodon ferox
Aelurodon taxoides

Paratomarctus temerarius
Paratomarctus euthos

Carpocyon compressus
Carpocyon webbi
Carpocyon robustus

Protepicyon raki
Epicyon saevus

Epicyon haydeni
Borophagus pugnator

Borophagus orc
Borophagus parvus
Borophagus secundus

Borophagus hilli
Borophagus diversidens

Leptocyon vulpinus
Leptocyon gregorii

Leptocyon leidyi
Leptocyon vafer

Vulpes stenognathus

Metalopex macconnelli
Metalopex merriami

Urocyon galushi

Urocyon citronus
Urocyon cinereoargenteus

Cerdocyon texanus
Eucyon davisi

Canis ferox
Canis thooides
Canis lepophagus

Canis edwardii
Canis latrans

Canis armbrusteri
Canis dirus
Canis lupus

Xenocyon texanus
Cuon javanicus
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hypercarnivore
mesocarnivore
hypocarnivore

Aetiocetus cotylalveus
Aetiocetus polydentatus

Aetiocetus weltoni

Aglaocetus moreni
Aglaocetus patulus

Archaebalaenoptera castriarquati

Balaena montalionis
Balaena mysticetus

Balaena ricei
Balaenella brachyrhynus

Balaenoptera acutorostrata

Balaenoptera bertae

Balaenoptera bonaerensis

Balaenoptera borealis
Balaenoptera brydei
Balaenoptera edeni

Balaenoptera musculus
Balaenoptera omurai

Balaenoptera physalus
“Balaenoptera” portisi

Balaenoptera siberi

Balaenula astensis

Brandtocetus chongulek

Caperea marginata

Cephalotropis coronatus
“Cetotherium” megalophysum

Cetotherium rathkii

Cetotherium riabinini

Fucaia goedertorum
Chonecetus sookensis

Diorocetus chichibuensis

Diorocetus hiatus

Diorocetus shobarensis

Diunatans luctoretemergo

Eomysticetus whitmorei

Eschrichtioides gastaldii
Eschrichtius robustus

Eubalaena australis
Eubalaena belgica

Eubalaena glacialis
Eubalaena japonica

Eubalaena shinshuensis

Gricetoides aurorae

Herpetocetus bramblei
Herpetocetus morrowi

Herpetocetus transatlanticus

Isanacetus laticephalus

Janjucetus hunderi

Joumocetus shimizui

Kurdalagonus mchedlidzei

Llanocetus denticrenatus

Mammalodon colliveri

Mauicetus parki

Megaptera hubachi
“Megaptera” miocaena

Megaptera novaeangliae

Metopocetus durinasus

Micromysticetus rothauseni

Miocaperea pulchra

Morawanocetus yabukii

Morenocetus parvus

Nannocetus eremus

Parabalaenoptera baulinensis

Parietobalaena campiniana
Parietobalaena palmeri

Parietobalaena yamaokai

Pelocetus calvertensis

Peripolocetus vexillifer

Pinocetus polonicus

Piscobalaena nana

Plesiobalaenoptera quarantellii

Thinocetus arthritus

Tiphyocetus temblorensis

Titanocetus sammarinensis

Uranocetus gramensis

Yamatocetus canaliculatus

2 24
Total Length

(m)

30 20 10 0
Millions of years ago
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toothed stem Mysticeti

crown Balaenidae
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 316 SYSTEMATIC ZOOLOGY
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 FIG. 11.-Change in morphology through time
 for three of the ten characters. Each point cor-
 responds to the morphology of one lineage in the
 sequence leading from lineage 1 to lineage 154
 (excluding lineage 1).

 vs. "bradytelic" lines reflects this structure
 of explanation, while various attempts to
 define, for example, the reasons for slower
 rates of evolution in clams vs. mammals
 (Simpson, 1953; Stanley, 1973) reflect the
 same assumption. (Again, we have no
 quarrel with claims of biological signifi-
 cance in such cases; we merely argue that
 the pattern itself does not prove the point).
 Likewise, for differences among characters,
 the perennial search for "taxonomically
 significant" features that vary widely among
 groups (and reflect the selective basis of
 differentiation) also assumes a directional
 cause for change.

 Theoretically, all characters should evolve
 through the simulation system at the same
 rate because all characters have the same
 probability of change and the increments
 of change are always the same (one unit).
 But because the simulation is a stochastic
 process, depending on random numbers,
 some variation in rates is inevitable. We
 would like to know whether this variation
 in rates is substantially lower than that seen
 in the real world-where some characters
 or taxonomic groups appear to have in-
 herently higher or lower rates of change.

 As an informal test of this, we plotted
 change in several characters against com-
 puter "time." We used again the 12 step
 chain leading from lineage No. 1 to lineage
 No. 154. Fig. 11 shows the results for char-
 acters 1, 2, and 4. Of the ten, character 1
 showed least change and character 2 the
 greatest. The example in Fig. 11 is extreme
 because, as we have seen, character 2 di-
 verged unusually far from the starting
 point. However, the amount of change
 shown by character 4 is also large and is
 quite typical of results in the run: rates of
 change equal to or greater than this are
 common throughout the run. Thus, the
 operation of chance produces sizable vari-
 ation in evolutionary rates.

 4. Convergence.-Cases of convergence
 are widely regarded as crucial tests for the
 understanding of natural selection, for they
 provide the only analog in nature to the
 replicated event of experimental science.
 They are ascribed to "similar functional
 adaptation" (Weller, 1969) and serve to
 test hypotheses about physical constraints
 upon form, limited mechanical solutions to
 problems posed by similar environments,
 etc. We should, however, see how often a
 randomly generated system can produce
 close morphological convergence.

 The incidence of convergence in the
 computer results is best judged by com-
 paring cladistic and phenetic taxonomies.
 Convergence is recognized by the presence
 of similar morphologies in forms of distant
 cladistic relationship. In this event, the
 phenetic analysis will place lineages closer
 together than their cladistic relationships
 would indicate. A glance at Fig. 9 reveals
 nothing that even approaches a close con-
 vergence: not a single pair of lineages
 show high values of y (cladogram distance)
 -in combination with low values of x (den-
 drogram distance). This absence is further
 recorded in Table 1 where no lineage is
 misclassified into a distant clade. When
 10 characters change in an independent and
 random manner, the probability of close
 convergence in distantly related forms be-
 comes very remote. When morphology is
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Independent contrasts



likelihoods of random walks with a covariance 
structure - the multivariate normal distribution
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923TESTING EVOLUTIONARY RATES

FIG. 1. Equation 1 was used to predict variance in terminal trait
values within clade 1 and clade 2 through time. For clade 2, the
Brownian rate parameter was always 1.0. For clade 1, the rate
parameter took on values of 1.0 (the lowest line), 1.2 (the middle
line), and 1.425 (the top line). Note that though the two clades have
the same age and same number of taxa, clade 2 has a higher tip
disparity when the rates of morphological evolution are equal and
even when clade 1 has a 20% faster rate. Clade 1 has a greater
amount of tip disparity when its rate is greater than 1.425 times
that of clade 2.

rectional selection (where the optimal value is allowed to
change), punctuated change (long periods of stasis inter-
rupted by abrupt change), and genetic drift all result in the
same covariance structure as simple Brownian motion (Han-
sen and Martins 1996).
On the other hand a Brownian motion model may not be

appropriate when its assumptions are violated. For example,
a continuous character evolving by Brownian motion should
have its chance of increasing or decreasing in state be in-
dependent of its current value. This is not the case if the
character state is near its natural limits (a leg of length 0.5
mm cannot decrease by 1.0 mm, but a leg of length 6.0 mm
could). Transforming the character (taking the log of leg
length, for example), may be appropriate in such instances
but is not always adequate. Brownian motion is also generally
not the best model when there is consistent selection towards
a single optimum trait value (better fit by an Ornstein-Uhl-
enbeck (OU) model (Hansen 1997; Butler and King 2004)).
Brownian motion also has a deficiency as a model in that

it does not explicitly model a particular process. Finding that
one group has a higher rate of Brownian motion than another
does not reveal whether this is due to drift happening more
quickly as a result of smaller population size, more changes
in the location of an adaptive peak due to environmental
change, or more frequent shifts in character state due to com-
petition following speciation.
Even under simple Brownian motion models, the evolution

of continuous characters on trees has some nonintuitive prop-
erties. For example, there has been uncertainty about which
aspects of the phylogeny affect the expected phenotypic var-
iation (Purvis 2004; Ricklefs 2004). Consider two sister
groups with the same crown group age. The clade with the
higher number of species has a higher estimated diversifi-
cation rate, but this is not the case for disparity. For disparity,
even with the same number of taxa in the two clades, the
group with the higher phenotypic variance can actually have
a lower rate of phenotypic evolution under a simple Brownian
motion model (Fig. 1), depending on the distribution of node
ages on the tree. Under Brownian motion, the relationship
between expected disparity (expected sample variance), the
tree, and the rate of phenotypic evolution (derived in the
Appendix) is:

1 1
2E(disparity) ! " tr(C) # 1$C1 (1)

2[ ]N N

where, following notation in Martins and Hansen (1997) and
Garland and Ives (2000), N is the number of taxa, C is the
N by N matrix in which the i-jth entry is the distance from
the root node to the most recent common ancestor of taxa i
and j (assuming branch lengths are proportional to time, this
is the time between the root and the most recent common
ancestor of i and j), "2 is the rate of character evolution, tr(C)
is the trace of the matrix (in this case, the sum of the heights
of each taxon above the root), and 1 is a column vector of
ones of height N.
This equation allows numerous inferences about the re-

lationship between the tree, rate, and phenotypic disparity.
The expected amount of disparity for a clade is a function
of three factors: the rate parameter ("2), the time to the most
recent common ancestor of the clade [assuming the taxa are

contemporaneous] ((1/N)tr(C)), and the average entry in the
covariance matrix ((1/N2)1$C1). Under the Brownian motion
model, these covariance terms are proportional to the amount
of time between the most recent common ancestor of a pair
of taxa and the root. Higher rates of phenotypic evolution
("2) on a given tree result in more dissimilar taxa. All else
being equal, older clades should have more phenotypic var-
iation than younger clades. Clades of a given age where most
speciation events have happened early (more ‘‘starlike’’
trees) should have higher disparity than clades where most
speciation events occur late. In other words, as internal
branches get shorter and terminal branches longer, shared
covariance (the off-diagonal elements in C) decreases, di-
agonal elements remain the same, and thus tip variance in-
creases.
Patterns of change of disparity through time are also in-

formative. The effect of speciation events on disparity is
complex, with results depending on which lineages speciate
when. The average time between the terminal taxa and the
root ((1/N)tr(C)) is the same on a tree terminated just before
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agonal elements remain the same, and thus tip variance in-
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formative. The effect of speciation events on disparity is
complex, with results depending on which lineages speciate
when. The average time between the terminal taxa and the
root ((1/N)tr(C)) is the same on a tree terminated just before

rate * independent evolution
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Balaenoptera acutorostrata
Balaenoptera musculus
Balaenoptera borealis X75582
Balaenoptera edeni X75583
Balaenoptera omurai
Eschrichtius robustus X75585
Balaenoptera physalus
Megaptera novaeangliae X75584
Caperea marginata X75586

0.131 3.514trait value

length=18.438

ancestral states

Phytools:::phenogram Phytools:::contmap
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Ané 2008



fossil data improve ancestral state estimates 

Slater et al (2012)



extending Brownian motion 



O’Meara et al. 2006
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Simpson (1944) Temp and Mode in Evolution

Simpson’s model of “Quantum Evolution”
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<latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit><latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit><latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit><latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit>

�AICi = AICi �AICmin
<latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit><latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit><latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit><latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit>



Model Selection!

AIC = 2k � 2LnLk
<latexit sha1_base64="kygMLH/LDzWLUZg89YzJm3QzQME=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyUpgl6Eai8KPVSwH9CGstlu2qWbTdjdFEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wf24VFTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/6oOvNbYyoVi8STnsTUC/FAsIARrI3Us+3bhyq6QeURukDlmqiNenbRKTlzoFXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTaaGbKBpjMsID2jFU4JAqL51fPkVnRumjIJKmhEZz9fdEikOlJqFvOkOsh2rZm4n/eZ1EB9deykScaCrIYlGQcKQjNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTAhuMsvr5JmueQ6Jffxsli5y+LIwwmcwjm4cAUVuIc6NIDAGJ7hFd6s1Hqx3q2PRWvOymaO4Q+szx/wPpFC</latexit><latexit sha1_base64="kygMLH/LDzWLUZg89YzJm3QzQME=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyUpgl6Eai8KPVSwH9CGstlu2qWbTdjdFEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wf24VFTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/6oOvNbYyoVi8STnsTUC/FAsIARrI3Us+3bhyq6QeURukDlmqiNenbRKTlzoFXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTaaGbKBpjMsID2jFU4JAqL51fPkVnRumjIJKmhEZz9fdEikOlJqFvOkOsh2rZm4n/eZ1EB9deykScaCrIYlGQcKQjNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTAhuMsvr5JmueQ6Jffxsli5y+LIwwmcwjm4cAUVuIc6NIDAGJ7hFd6s1Hqx3q2PRWvOymaO4Q+szx/wPpFC</latexit><latexit sha1_base64="kygMLH/LDzWLUZg89YzJm3QzQME=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyUpgl6Eai8KPVSwH9CGstlu2qWbTdjdFEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wf24VFTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/6oOvNbYyoVi8STnsTUC/FAsIARrI3Us+3bhyq6QeURukDlmqiNenbRKTlzoFXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTaaGbKBpjMsID2jFU4JAqL51fPkVnRumjIJKmhEZz9fdEikOlJqFvOkOsh2rZm4n/eZ1EB9deykScaCrIYlGQcKQjNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTAhuMsvr5JmueQ6Jffxsli5y+LIwwmcwjm4cAUVuIc6NIDAGJ7hFd6s1Hqx3q2PRWvOymaO4Q+szx/wPpFC</latexit><latexit sha1_base64="kygMLH/LDzWLUZg89YzJm3QzQME=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyUpgl6Eai8KPVSwH9CGstlu2qWbTdjdFEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wf24VFTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/6oOvNbYyoVi8STnsTUC/FAsIARrI3Us+3bhyq6QeURukDlmqiNenbRKTlzoFXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTaaGbKBpjMsID2jFU4JAqL51fPkVnRumjIJKmhEZz9fdEikOlJqFvOkOsh2rZm4n/eZ1EB9deykScaCrIYlGQcKQjNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTAhuMsvr5JmueQ6Jffxsli5y+LIwwmcwjm4cAUVuIc6NIDAGJ7hFd6s1Hqx3q2PRWvOymaO4Q+szx/wPpFC</latexit>

AICc = 2k � 2LnLk +
2k2 + 2k

n� k � 1
<latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit><latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit><latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit><latexit sha1_base64="aKO25qnxtPXR9ETv11VN6xTYXmc=">AAACFnicbVDLSsNAFJ3UV62vqks3g0UQJCUJgm6EajcKXVSwD2hrmUwn7ZDJJMxMhBLyFW78FTcuFHEr7vwbp20W2nrgwplz7mXuPW7EqFSW9W3klpZXVtfy64WNza3tneLuXlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZarl+d+K0HIiQN+Z0aR6QXoCGnHsVIaalfNC9vqhheQMeHJnRqvObDE9j1BMKJ498nTqqfjp8m3PRNO+0XS1bZmgIuEjsjJZCh3i9+dQchjgPCFWZIyo5tRaqXIKEoZiQtdGNJIoR9NCQdTTkKiOwl07NSeKSVAfRCoYsrOFV/TyQokHIcuLozQGok572J+J/XiZV33ksoj2JFOJ595MUMqhBOMoIDKghWbKwJwoLqXSEeIZ2J0kkWdAj2/MmLpOmUbats356WKldZHHlwAA7BMbDBGaiAa1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPLVCbqw==</latexit>

�AICi = AICi �AICmin
<latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit><latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit><latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit><latexit sha1_base64="SUa9w0VzDblSMc9TjKaNoTRehho=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCG8uMCLoRqnWhuwr2Au0wZNJMG5pkhiQjlGFewI2v4saFIm7du/NtTNtBtPWHwMd/zuHk/EHMqNKO82XNzS8sLi0XVoqra+sbm/bWdkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYFAd1Zv3RCoaiTs9jInHUU/QkGKkjeXb+50rwjSCFzdVP6UZPP+howlxKjLfLjllZyw4C24OJZCr5tufnW6EE06Exgwp1XadWHspkppiRrJiJ1EkRniAeqRtUCBOlJeOr8nggXG6MIykeULDsft7IkVcqSEPTCdHuq+mayPzv1o70eGZl1IRJ5oIPFkUJgzqCI6igV0qCdZsaABhSc1fIe4jibA2ARZNCO70ybPQOC67Ttm9PSlVLvM4CmAX7IFD4IJTUAHXoAbqAIMH8ARewKv1aD1bb9b7pHXOymd2wB9ZH99w45nl</latexit>

AICWi =
e�0.5�AICi

Pn
j=1 e

�0.5�AICj
<latexit sha1_base64="jlKq12KGdj7D9Ay9pcBEGpc3F9I="></latexit><latexit sha1_base64="jlKq12KGdj7D9Ay9pcBEGpc3F9I="></latexit><latexit sha1_base64="jlKq12KGdj7D9Ay9pcBEGpc3F9I="></latexit><latexit sha1_base64="jlKq12KGdj7D9Ay9pcBEGpc3F9I="></latexit>



Ornstein-Uhlenbeck models - adaptation and 
constraint



Ornstein-Uhlenbeck models - adaptation and 
constraint

E[dX] = �↵(X � ✓)
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Ornstein-Uhlenbeck models - adaptation and 
constraint

E[dX] = �↵(X � ✓)
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Ornstein-Uhlenbeck models - adaptation and 
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long term behavior of an OU process
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equilibrium 
variance



write an OU process simulator 

1. what happens when the root state and θ are the same? 

2. If the root state and θ differ and σ2 =0.1, how strong 
does ɑ have to be for the trait to get to θ in 10 time units? 
How about in 5? How about in 1?

2. Using the example above with any ɑ that gets you to 
the optimum, what happens if you increase σ2 once you ? 
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• root state and θ are the same [aka single stationary peak] 
(geiger, mvMORPH)

• root state and θ are the different (maybe non-identifiable w/o 
fossil data)

• θ, ɑ, and/ or σ2 differ based on some user defined regimes 
(OUwie, OUCH, mvMORPH)

• θ, ɑ, and/ or σ2 differ based on regimes that are unknown a 
priori (bayou [rjMCMC], l1ou [lasso regression])

flavors of phylogenetic OU models
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multivariate data

                wingL  tarsusL  culmenL    beakD   gonysW
fuliginosa   4.13 2.81 2.09 1.94 1.85
fortis       4.24 2.89 2.41 2.36 2.22

magnirostris 4.40 3.04 2.72 2.82 2.68
conirostris  4.35 2.98 2.65 2.51 2.36
scandens     4.26 2.93 2.62 2.14 2.04

difficilis   4.22 2.90 2.28 2.01 1.93
pallida      4.27 3.09 2.43 2.02 1.95
parvulus     4.13 2.97 1.97 1.87 1.81
psittacula   4.24 3.05 2.26 2.23 2.07
pauper       4.23 3.04 2.19 2.07 1.96
Platyspiza   4.42 3.27 2.33 2.35 2.28
fusca        3.98 2.94 2.05 1.19 1.40

Pinaroloxias 4.19 2.98 2.31 1.55 1.63
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conirostris
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R is the “evolutionary 
rate matrix”

V is the outer 
product R ⊗ C

multivariate data




